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ABSTRACT

Recent years have seen a resurgence in interest in marketing mix models (MMMs), which are
aggregate-level models of marketing effectiveness. Often these models incorporate nonlinear
effects, and either implicitly or explicitly assume that marketing effectiveness varies over time.
In this paper, we show that nonlinear and time-varying effects are often not separately identifi-
able: while certain data patterns may be suggestive of nonlinear effects, such patterns may also
emerge under simpler models with time-varying effects. Moreover, problematically, these two
types of effects may suggest fundamentally different optimal marketing allocations. We ex-
amine this identification issue through theory and simulations, describing the conditions under
which conflation between the two types of models is likely to occur. We show that conflating
the two types of effects is especially likely in the presence of autocorrelated marketing vari-
ables, which are common in practice, especially given the widespread use of stock variables to
capture long-run effects of advertising. We illustrate these ideas through numerous empirical
applications to real-world marketing mix data, showing the prevalence of the conflation issue
in practice. Finally, we show how marketers can avoid this conflation, by designing experi-
ments that strategically manipulate spending in ways that pin down model form.

Keywords: marketing mix models, aggregate response models, dynamics, nonlinear models,
identification, Bayesian nonparametrics
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Recent years have seen a seismic shift in the marketing measurement landscape: whereas

advertisers previously relied on third-party cookies to track consumers online, and thus make

attributions about how their ads are driving the path-to-purchase (e.g., Li and Kannan, 2014;

Li et al., 2016; Zantedeschi et al., 2017; Berman, 2018), new privacy laws and restrictions have

made doing so nearly impossible (Cui et al., 2021). This, combined with a growing understand-

ing that such individual-level attribution models are often fundamentally flawed (e.g., Gordon

et al., 2023; Tian et al., 2024), has shifted attention back to a classic marketing measurement tool:

aggregate-level marketing mix models, or MMMs (Hanssens et al., 2003).1 This shift in indus-

try focus is reflected in both a flurry of research being done in practice, including from compa-

nies like Google and Uber (e.g., Jin et al., 2017; Wang et al., 2017; Ng et al., 2021), and in the

open source tools being released by these companies, like Google’s Meridian (Google, 2024) and

Meta’s Robyn (Meta, 2024), all of which implement highly sophisticated MMMs.

While the motivating force behind this refocusing is new, MMMs are not: the concept of the

marketing mix dates back to Borden (1964), and the idea of modeling the effects of the market-

ing mix through aggregate measures is also quite old (Quandt, 1964; Palda, 1965). In the ensuing

decades, many topics in this space have been studied, including long-term effects of advertising,

especially as measured through lag and stock variables (e.g., Mann, 1975), time-dependent ef-

fects, especially using models with time-varying coefficients (e.g., Parsons, 1975; Winer, 1979),

nonlinear effects, including diminishing returns (e.g., Vidale and Wolfe, 1957), how to optimize

marketing spend in the face of such forces (e.g., Sasieni, 1971), and, more recently, issues of en-

dogeneity in the specification of such models (e.g., Luan and Sudhir, 2010). What is new is the

sophistication and scale of the MMMs being developed and enabled through these open-source

libraries, which implement many of these classic ideas in the context of complex Bayesian hier-

archical models, leveraging modern probabilistic programming languages for estimation (Wang

et al., 2017).

1Often in practice marketing mix models exclusively use advertising expenditures across various channels as the
independent variables, ignoring other aspects of the marketing mix. In these cases, these types of models are referred
to as media mix models.

Marketing Science Institute Working Paper Series



3

Despite the sophistication of modern MMMs, the type of data used has remained funda-

mentally unchanged: time series of aggregate measures of spending on various marketing chan-

nels, and aggregate response measures like revenue or customers acquired. This relatively sim-

ple type of data, paired with increasingly complex models, raises a fundamental question as to

which types of effects posited by practitioners can actually be reliably estimated. To illustrate,

consider the (synthetic) example plotted in Figure 1, of revenue versus spend on advertising.

One cornerstone of both modern and classic MMMs is the estimation of nonlinear effects, aimed

at capturing potential inflection points and diminishing returns in the effects of advertising. In

Figure 1, such effects seem especially plausible: indeed, a flexible nonlinear model, of the form

yt = f (xt) + εt, is able to capture most of the variation in the data. In fact, however, the true

data-generating process of this example is a linear model, where the effect of advertising varies

smoothly over time: yt = βtxt + εt. Notably, to generate this example, we assumed that the

firm sets spending with knowledge of how βt is evolving, such that xt noisily mirrors βt with

some lag, as shown in Figure 2. While somewhat contrived, this time-varying data-generating

process mirrors other common MMM practices. For instance, it is common for firms to estimate

their MMMs on rolling windows, doing periodic “refreshes” to understand how the parameters of

the MMM have changed, and adjusting spending accordingly, thereby implicitly assuming time-

varying coefficients. Other MMMs explicitly allow for time-varying coefficients, both in linear

and nonlinear (e.g., log-log) models. That both the nonlinear and time-varying models fit the data

equally well is a problem, as the two sets of assumptions have fundamentally different implica-

tions for optimal spending: under the nonlinear model, the firm should set spending at a constant,

optimal level, dictated by the response curve, while in the time-varying model, the firm’s spend-

ing should depend on the evolution of βt.

In this paper, we investigate when nonlinear and time-varying effects can be separately iden-

tified from standard marketing mix data. Through theory, extensive simulations, and real-world

MMM applications, we show that, frequently, they cannot be. In particular, given sufficient flexi-

bility in their specification, these two classes of models can often approximate one another, im-
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Figure 1: Illustrative Example. A simulated example showing a seemingly nonlinear effect of advertis-
ing on revenue.
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Figure 2: True Data Generating Process. The true data generating process for Figure 1, which is a linear
time-varying effects model, yt = βtxt + εt, with βt evolving cyclically as shown in the left panel, and xt
set following βt, as shown in the right panel.
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plying that standard metrics of model fit, including cross-validation, cannot indicate which is

correct. This problem exists even when the data used in constructing the models are exogenous

(i.e., when xt is independent of εt). We further show that this conflation is more likely to occur

when spending is set in an autoregressive way, which is not only common in practice (e.g., when

decision-makers set current spending as a function of the past), but also commonly induced by

modeling the effect of xt through a stock variable, like AdStock, which is a staple in both classic

and modern MMMs (e.g., Hanssens et al., 2003; Zantedeschi et al., 2017; Google, 2024; Meta,

2024). As hinted by the illustration above, such conflation is not merely a statistical curiosity:

we show that nonlinear and time-varying models can have fundamentally different implications

for setting optimal spending. This is because, while the two models give equivalent predictions

under status quo spending patterns, under intervention, their predictions may differ. This differ-

ence also suggests a solution to the conflation problem: specifically, we show that marketers can

implement tests to identify the two types of effects, by means of carefully designed experiments.

These experiments are akin to a specific type of “incrementality test,” which are already common

in industry for measuring the effect of spending on a marketing channel.

A crucial aspect of our analysis is being able to both simulate from and flexibly estimate

nonlinear and time-varying effects. To do so, we develop a Bayesian nonparametric framework

based on Gaussian processes. Gaussian processes, or GPs, provide a means of simulating func-

tions with differing properties, including differing levels of smoothness, which is important for

highlighting some of our key theoretical results via simulation. As the basis of a Bayesian mar-

keting mix model, GPs can also be used to estimate flexible nonlinear effects. This flexibility

enables us to capture both the standard types of nonlinearities often used in practice, and more

general ones. Moreover, when applied to the coefficients of a regression model, GPs can also

capture their smooth variation over time.2

The rest of the paper is organized as follows: first, we review the underpinnings of market-

ing mix models, focusing on the specifications used in contemporary marketing practice. Then,

2Theoretically, this framework can also simultaneously model both time-varying and nonlinear effects, though
we do not explore such a specification in-depth here.
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we introduce at the most general level the nonlinear and dynamic models of interest, and show

analytically how (and when) they can approximate one another. We then describe our GP-based

framework for simulating and estimating these effects. We use this framework to conduct exten-

sive simulations, which illustrate the potential extent of conflation, as well as its moderators and

implications. Then, we analyze a series of real-world marketing mix datasets, including the clas-

sic Lydia Pinkham data (Palda, 1965), the dietary weight control product sales dataset analyzed

in Bass and Clarke (1972), and four more recent examples constructed from the NielsenIQ Retail

Scanner and Nielsen AdIntel data,3 highlighting the prevalence of conflation in practice. Finally,

we introduce a series of tests, based on intervening on spending, that can be used to diagnose

which effects are most relevant in practice, and thus separately identify them as part of an MMM.

We conclude with a summary and directions for future research.

BACKGROUND

The literature on aggregate-level marketing mix models is vast, and we do not provide an

exhaustive review here. Interested readers can find an extensive review of the history and foun-

dation of these models in Hanssens et al. (2003). There is also a long literature in marketing

that looks more narrowly at how advertising impacts sales (e.g., Dekimpe and Hanssens, 2007;

Shapiro et al., 2021), which is often the focal use-case of MMMs in practice, and which we will

also not exhaustively review. Instead, we focus on providing background on the key effects of

interest in our analysis: nonlinear effects, carryover effects, and time-varying effects.

3Disclaimer: Researcher(s)’ own analyses calculated (or derived) based in part on (i) retail measurement/con-
sumer data from Nielsen Consumer LLC (”NielsenIQ”); (ii) media data from The Nielsen Company (US), LLC
(”Nielsen”); and (iii) marketing databases provided through the respective NielsenIQ and the Nielsen Datasets at the
Kilts Center for Marketing Data Center at The University of Chicago Booth School of Business.

The conclusions drawn from the NielsenIQ and Nielsen data are those of the researcher(s) and do not reflect the
views of Nielsen. Nielsen is not responsible for, had no role in, and was not involved in analyzing and preparing the
results reported herein.
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Nonlinear Effects

The response of revenue to marketing actions, particularly advertising, has long been hy-

pothesized to be nonlinear (e.g., Vidale and Wolfe, 1957; Rao and Miller, 1975; Simon and Arndt,

1980; Vakratsas et al., 2004). That is, as described previously,

yt = f (xt) + εt, (1)

where for simplicity, we focus on spend in only a single marketing channel (e.g., advertising), xt,

and yt is an outcome of interest, typically profit or revenue. The most commonly posited func-

tional relationship between advertising and revenue is an S-shaped function, which accounts for

two effects: a threshold effect, wherein advertising is only effective if spend exceeds a certain

threshold; and diminishing returns (e.g., Cannon et al., 2002).

Modern practice has converged on two related functional forms to capture these types of

effects. The first, more general form is the Hill function, given by:

Hill(x; k, s) =
1

1 +
( x

k
)−s . (2)

While modern MMM practice has adopted the term “Hill” for this function, based on its early use

in pharmacology (Hill, 1910), the functional form is equivalent to the well-known log-logistic

CDF, and to the ADBUDG function introduced by Little (1970). This function has been used

to model nonlinear effects in all recent MMM modeling libraries, including Google’s Meridian

(Google, 2024), Meta’s Robyn (Meta, 2024), and PyMC-Marketing (PyMC, 2024). Examples of

Hill functions with different parameters are shown in Figure 3. While the Hill function is quite

flexible, it also can be poorly identified, with different combinations of the parameters yielding

effectively the same function, especially over a finite range (Jin et al., 2017). Thus, it is some-

times simplified by setting S = 1, yielding what Jin et al. (2017) call the reach transformation,

so-called because of its use in modeling the relationship between reach and GRPs in TV advertis-

ing.
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Figure 3: Examples of Hill functions. Four examples of Hill functions with varying inflection point (k)
and shape (s) parameters.

Carryover Effects

A second area of extensive research has been how to effectively model carryover effects of

marketing. It has long been realized that marketing, and in particular, advertising, can have both

short and long-run effects (Palda, 1965). Such an observation motivated the extensive develop-

ment of time-series models for modeling ad effects, of the form,

yt = α + β0xt + β1xt−1 + β2xt−2 + . . . + βLxt−L + εt, (3)

where again, for simplicity, we focus on spend in single marketing channel, this time including

multiple lags of that spending (e.g., Bass and Clarke, 1972). While such models are rich, they

also introduce many parameters per channel, increasing both the data requirements, and risk of

overfitting. Thus, to simplify the problem, the literature has turned to stock variables, most no-

tably the well-known AdStock (Hanssens et al., 2003; Zantedeschi et al., 2017). These stock vari-

ables are weighted combinations of past spending,

Stock(xt, . . . , xt−L) =
∑L

ℓ=0 wℓxt−ℓ

∑L
ℓ=0 wℓ

, (4)

where the weights are assumed to follow a particular known form, like geometric decay, given

by:

wG
ℓ = λℓ, λ ∈ [0, 1], (5)
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or Pascal decay, given by the PMF of a Pascal (or negative binomial) distribution:

wP
ℓ = (1 − λ)ℓλτ

(
ℓ+ τ − 1

τ

)
, λ ∈ [0, 1], (6)

which allows for the possibility of delayed peaks in marketing effectiveness (Bultez and Naert,

1979). In this way, stock variables can be used instead of the original variables in an MMM, and

the MMM is thus interpreted as capturing the effects of changing the marketing stock on revenue,

rather than specific instantaneous or lagged effects. In the case of infinite lags, with weights de-

caying geometrically, the model can be rewritten as the well-known Koyck model (Koyck, 1954),

simplifying to:

yt = α + β0xt + λyt−1 + εt. (7)

Time-Varying Effects

The idea that marketing effectiveness changes over time also has a long history in marketing

(e.g., Parsons, 1975; Winer, 1979; Wildt and Winer, 1983; Naik et al., 1998; Van Heerde et al.,

2004; Bruce, 2008). There are two types of models used in this literature: theory-based models,

where nonstationarity in the effect of advertising is derived from an underlying theory of ad re-

sponse, and unstructured models, where time-varying effects of advertising are estimated flexibly

via time-dependent parameters in a reduced-form model, like regression.

Seminal work in theory-based dynamic models includes Naik et al. (1998), who estimate

a variant of the classical Nerlove-Arrow (NA) model of advertising response, where awareness

from advertising is a function of advertising levels scaled by the quality of the ads, and past aware-

ness scaled by a forgetting rate. Naik et al. extend this model to allow for time-varying quality of

advertising, which thereby makes the effect of current period advertising also time-varying. Nu-

merous other papers have built on and expanded the NA framework, including Bass et al. (2007),

who consider such dynamics across multiple advertising themes, and Bruce (2008), who adds

an additional source of dynamics in the form of a time-dependent forgetting rate. Yet more work

has considered similar dynamic models but in new advertising settings. Some examples include

Marketing Science Institute Working Paper Series
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spillover effects in paid search ads (Rutz and Bucklin, 2011), customer-firm relationship on Twit-

ter (Ma et al., 2015), the effects of format, content, and targeting in digital display advertising

(Bruce et al., 2017), and response of online brand search to TV ads (Du et al., 2019). While these

papers allow for a rich, nuanced understanding of important forces in marketing, they also as-

sume specific types of time-varying effects, and often assume specific parametric forms therein.

For instance, Naik et al. (1998) assume advertising quality decays over time, following a specific

differential equation, while Bruce (2008) assumes dynamic forgetting effects follow a generalized

logistic transformation of advertising and goodwill.

In contrast, as previously described, modern MMMs typically take the form of simple, regression-

style models, where the goal is to estimate an elasticity, or, as outlined previously, a response

curve. The simplest way to incorporate time-varying effects in such a model is to consider a stan-

dard linear (or log-linear) specification, and allow the coefficients to evolve with time:

yt = βtxt + εt. (8)

Such specifications have been used in the MMM setting by, e.g., Winer (1979), Van Heerde et al.

(2004), Mariel and Orbe (2005), and Ng et al. (2021). While the form of the model has remained

consistent across these works, the actual specification for βt differs. As, in most cases, there is

only one data point per time period, some amount of smoothing must be induced to enable es-

timation. For example, in Winer (1979), the coefficients are modeled following a random walk,

while in Van Heerde et al. (2004), they follow a more sophisticated state-space model, incorporat-

ing independent variables in the evolution. In Ng et al. (2021), the evolution of the coefficients is

modeled using a Bayesian dynamic factor model.

While time-varying coefficient models are relatively rare in the aggregate data setting, they

are more common in settings where several observations per period are available. Most notably,

in the context of individual-level random utility models, there is a long history of modeling how

individuals’ sensitivities to the marketing mix change over time (e.g. Kim et al., 2005; Liechty

et al., 2005; Sriram et al., 2006; Lachaab et al., 2006; Guhl et al., 2018; Dew et al., 2020; Dew
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and Fan, 2024). Particularly relevant for the present work are Dew et al. (2020) and Dew and Fan

(2024), who introduce Bayesian nonparametric specifications for the evolution of βt that are sim-

ilar to what we propose subsequently. Models with time-varying parameters are also relevant in

the context of causal inference, to measure how a causal effect is changing over time (e.g., Kli-

nenberg, 2023, in the context of synthetic control) or to allow for time-varying differences be-

tween cohorts (e.g., Oblander and McCarthy, 2023, in the context of an age-period-cohort analy-

sis).

Clarification on Terminology

Before proceeding, we emphasize an important issue regarding terminology. Specifically,

our focus throughout the rest of the paper will be on disentangling nonlinear effects (i.e., yt =

f (xt)) and time-varying effects (i.e., yt = βtxt). These effects are, as we just described, distinct

from carryover effects. In both cases, carryover effects may be relevant: for instance, revenue

may be assumed to be a nonlinear function of a stock variable (e.g., AdStock), thereby captur-

ing potential nonlinearities like diminishing returns in both short and long-term ad effects. Sim-

ilarly, time-varying models can also include carryover effects, by allowing the coefficient vector,

(α, β0, β1, . . . , βL) to depend on time, (αt, β0t, β1t, . . . , βLt). This time-varying formulation al-

lows the analyst to capture effects like changes in the effectiveness of same-period advertising, or

changes in the carryover effect of past advertising.

Importantly, in the literature, the word “dynamic” has been applied to describe both mod-

els with carryover, including time series and state-space specifications, and models with time-

varying coefficients, including dynamic factor models and dynamic heterogeneity specifications.

Adding to the complexity of the terminology, the workhorse model of much of the literature on

modeling carryover and persistence effects is the dynamic linear model (or linear state-space

model), which, in its most general form, allows for both carryover-style effects and time-varying

effects (Pauwels et al., 2004). To avoid confusion throughout the remainder of the paper, we use

“dynamic” interchangeably with “time-varying” to indicate that there are dynamics in the effec-
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tiveness of marketing, though for clarity, we favor the latter. To avoid any confusion, for carry-

over effects of any type, including as captured by lagged independent variables, Koyck-like for-

mulations, or stock variables, we will explicitly use the terminology “carryover.”

THEORY

Given this background, we now return to the focal question: under what conditions will

nonlinear and time-varying models be conflated, given simple MMM data? We assume, as be-

fore, that the two potential models we are interested in are either the nonlinear response model,

yt = f (xt) + εt, or the time-varying linear model, yt = βtxt + εt.4 To answer the focal question,

we proceed in two parts: we first ask under what conditions the time-varying model can capture

nonlinear effects, assuming the nonlinear model is the true data generating process (DGP), and

then vice versa.

Time-varying Approximates Nonlinear

We assume the true DGP is the nonlinear model,

yt = f (xt) + εt,

with εt ∼ N (0, σ2), and with xt such that E(xtεt) = 0. Given a sequence x1, . . . , xT, we use

this model to generate data (xt, yt), t = 1, . . . , T, to which we then wish to fit the model,

yt = βtxt + ϵt.

As described in our review of time-varying models, given we have only one data point per period

t, estimating such a model requires inducing some regularization on the coefficients, βt. Thus,

for now, we will assume that such a time-varying model is estimated by minimizing a regularized

4In reality, it is possible that both types of effects may coexist. In that case, these two models can be viewed as
approximations, where the analyst’s goal is to understand which effect is more dominant. The coexistence of the
effects would further complicate identification issues.
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sum of squared errors,

β̂1, . . . , β̂T = arg min
β1,...,βT

[
T

∑
t=1

(yt − βt · xt)
2 + Λ(β1, . . . , βT)

]
(9)

where the regularizer function Λ(β1, . . . , βt) enforces a relationship between the coefficients

such that, a priori, coefficients of closer periods are expected to be more similar than those from

distant periods. This framework captures many types of time-varying models, including extant

specifications, as well as our proposed model, introduced in the next section.5

To understand to what degree this time-varying model will be able to capture the true DGP,

we start with a few simple cases. First, let us examine what happens if there is no regularizer

(Λ(β1:T) ≡ 0). In this case, the time-varying model can (hypothetically) achieve perfect fit,

with β̂t = yt/xt, regardless of the DGP. Of course, such a model will also fail to generalize, as

there is no mechanism for relating β̂t across different t. Nonetheless, this demonstrates that the

general time-varying linear framework is quite flexible.

On the other hand, let us consider an extreme amount of regularization:

Λ(β1, . . . , βT) =


0 if β1 = β2 = . . . = βT

∞ otherwise.
(10)

Such a regularizer forces all of the coefficients to be equal, which, under frequentist inference,

reduces the problem to finding the OLS estimator for the data, which we denote as b̂. The fit of

such a model will thus depend on how well the nonlinear function can be approximated by a lin-

ear model. We can use a Taylor expansion to understand that approximation. If f is at least twice

differentiable, we can compute exactly the OLS estimator in terms of the original DGP primitives

5Specifically, in our proposed framework, the prior on βt, a Gaussian process, plays the role of this regularizer,
with its lengthscale parameter governing the degree of coefficient similarity between adjacent periods. More gener-
ally, priors in Bayesian inference play the role of regularizers, as discussed in (e.g. Dew et al., 2024).
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by using a Taylor expansion around the mean of x, denoted x̄, as:

b̂ =
1

∑t(xt − x̄)2

[
f ′(x̄)∑

t
(xt − x̄)2 +

1
2 ∑

t
f ′′(ξt)(xt − x̄)3 + ∑

t
(xt − x̄)εt

]

= f ′(x̄) +
1
2

1
T ∑t f ′′(ξt)(xt − x̄)3

1
T ∑t(xt − x̄)2

+
1
T ∑t(xt − x̄)εt
1
T ∑t(xt − x̄)2

, (11)

where ξt is a scalar between xt and x̄. We include more details of this derivation in Web Ap-

pendix A. What this equation suggests is that the coefficient in our linear regression would be

equal to the derivative of the response function f in the DGP at x̄, plus two error terms. The third

term is zero in expectation, as we assume ε and x are independent. The second term depends on

the second derivative of the response function. Thus, intuitively, the linear approximation works

better when the function behaves “smoothly,” insofar as its second derivative is small. This re-

sult is neither new nor surprising: essentially, if the tangent line to f captures f , the linear model

can approximate f very well. Instead, this derivation merely illustrates that the OLS result will be

almost exactly equal to the derivative of the specific response function we care about.

What is more interesting is to consider regularization schemes between the two extremes

presented above. Intuitively, intermediate amounts of regularization should fall between the “worst-

case” scenario of fitting as well as a static linear model, and the “best-case” scenario of actually

overfitting the data. An interesting specific example to consider is a piecewise linear regression

with a fixed-size window τ. To simplify the notation, we consider T = N · τ such that we can

partition the set {1, . . . , T} into N sets of size τ, each set defined by Sn = {(n − 1) · τ + 1, (n −

1) · τ + 2, . . . , n · τ}. The piecewise linear model is equivalent to a regularizer that enforces βt to

be constant across periods within the same partition

Λ(β1, . . . , βT) =
N

∏
n=1

ΛOLS (βt∈Sn) (12)

where ΛOLS is the regularizer from Equation 10. In this case, the estimation problem is sepa-

rable, and it suffices to run a separate OLS regression on each partition, with b̂n the estimator

for partition n. Interestingly, Equation 11 already provides an expression for each coefficient b̂n.
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Moreover, we can vary N and τ and recover the previous two cases: if N = 1 we have OLS, and

if τ = 1 we have no regularization and perfect fit. This model is interesting not just because of its

tractability, but because it is similar to the types of nonparametric models used in the recent liter-

ature for modeling time-varying effects (e.g., Dew et al., 2020; Ng et al., 2021), insofar as those

models inducing smoothing in βt over local regions of time.

Putting these pieces together, our analysis suggests that even a moderately regularized time-

varying linear model can approximate the original nonlinear DGP. The degree of accuracy of this

approximation will depend on the smoothness of the original function. However, it also depends

on one other important factor we have not yet discussed: how consistent xt is over t. From Equa-

tion 11, if xt changes dramatically from period to period, and the true model is nonlinear, then

we will have different values of f ′(x̄) in nearby time periods, and thus, very different estimated

values of b̂t. Such changes will be incompatible with a smoothness assumption for βt. Thus, a

smooth βt will only be able to approximate the nonlinear DGP if xt does not vary too much over

t, relative to changes in f ′(x). In practice, xt often does evolve slowly: for instance, spending de-

cisions at firms are often made in an autocorrelated way (e.g., increasing spend by 10%). More-

over, in cases where xt is a stock variable, smoothness in xt is induced by the stock variable it-

self. Thus, under many common regimes for setting or specifying xt, the time-varying model can

approximate the nonlinear model.

Nonlinear Approximates Time-varying

We now consider the opposite problem: given a time-varying linear data generating process,

when could a nonlinear model approximate it? Mathematically, consider a true data generating

process given (as before) by,

yt = βt · xt + εt, εt ∼ N (0, σ2). (13)

We want to understand under what conditions such a model can be equivalently expressed as a

static nonlinear model, yt = f (xt) + ϵt.
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While the argument for time-varying approximating nonlinear was fairly broad, the argu-

ment in this case is more narrow. First, let us further assume that the time-varying effectiveness,

βt, can be written as B(t), a continuous function. As we rigorously show in Web Appendix A,

the static nonlinear model can only approximate the time-varying linear model when B(t) can

be written as a function of spending, xt. That is, if there is some way of writing B(t) = h(xt),

for some function h. That this condition induces conflation is intuitive: if we can write B(t) =

h(xt), then we can express the DGP as yt = h(xt)xt + ε, which is equivalent to the nonlinear

DGP with f (xt) = h(xt)xt. This condition is, as we show in Web Appendix A, both necessary

and sufficient for conflation.

There are many practically relevant cases where this condition is satisfied. One such case is

when xt is monotonic with respect to time (e.g., marketing spending always increases in the ob-

servation window). If spending is monotonic, then one can map each observed level of spending

to the exact period it occurred. In turn, this means that each level of spending is associated with

a specific level of marketing effectiveness, βt, and therefore, it can be written as a function of xt

(see Condition 1 in Web Appendix A). While monotonicity is a strict requirement, it is not un-

realistic: firms often loathe cutting marketing budgets, and thus, an (approximately) increasing

trend in marketing spend on a channel is plausible.

Another case in which B(t) can be expressed as a function of xt is if spending and effective-

ness are both determined by a variable, pt, and the relationship between this variable and spend-

ing is invertible. We call this variable pt a parent process. For instance, consider the motivating

example from the introduction: if seasonality determines marketing effectiveness, and spending

on marketing is set following such seasonality, that seasonality is a parent process. In fact, the

parent process can also be one of the two variables: for instance, even absent seasonality, if xt is

set following βt, βt can be viewed as the parent process. In such cases, we can write both xt and

βt as functions of the parent process (i.e., xt = X(pt) and βt = B(pt)). If the spending function

is invertible, then for each level of observed spending, one can map that level to a corresponding

level of the parent process, and then subsequently map that on to a corresponding marketing ef-
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fectiveness, thus allowing us to write B(t) = h(xt) (i.e., βt = B(X−1(x)); for more details, see

Condition 2 in Web Appendix A).

In sum, if the true data generating process is a time-varying linear model, that same data can

be captured by a static nonlinear model when the effectiveness of marketing, βt, can be expressed

as a function of xt. In turn, this is likely to happen when either xt is monotonic with respect to

time, or if xt and βt are both a function of some third variable. While these conditions may seem

very specific, they are made more likely by common managerial practices: for instance, autore-

gressive spending decisions can make monotonicity more likely to occur. Another common prac-

tice is increasing (or decreasing) spending according to a “flight path” of a fixed percentage in-

crease (or decrease) per period. Such flight paths would also induce monotonic spending. Setting

spending following some knowledge about the evolution of effectiveness, or according to known

seasonal variation, can also induce the problem. Finally, we note that, while the above theoretical

results hold in a very strict sense, in practice, with noisy data, conflation may be more likely even

if these conditions do not strictly hold. We will demonstrate this empirically in the following sec-

tions.

EMPIRICAL FRAMEWORK

To further explore the issue of conflation, and to bring these ideas to bear on real data, we

need a flexible framework that can both simulate various nonlinear and time-varying effects, and

estimate them from data. While the literature has proposed various models, as described in our

literature review, they are often restrictive in the functional forms they assume, or do not cleanly

allow for manipulating various features of the response functions that we demonstrated are im-

portant in our theoretical analysis, namely their smoothness. Thus, in this section, we introduce a

general Bayesian nonparametric framework, based on Gaussian processes, that does so.

To begin, we assume an additive regression model, of the form:

yt = α + g1(x1t, t) + g2(x2t, t) + . . . + gJ(xJt, t) + εt, (14)
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where xjt represents spend on marketing channel j at time t, yt is the outcome of interest, and

εt ∼ N (0, σ2). Here, yt and the various xjt can be scaled in any meaningful way (e.g., log). We

further assume this model simplifies into one of two forms: either the static nonlinear model,

yt = α + f1(x1t) + f2(x2t) + . . . + f J(xJt) + εt, (15)

or the time-varying linear model,

yt = α + β1(t)x1t + β2(t)x2t + . . . + β J(t)xJt + εt. (16)

In all three equations, the object of interest is a function: either a joint function, g(x, t), which

is often intractable to estimate; a function of spending, f j(xjt); or a function of time, β j(t). To

generate and estimate such functions, we take a Bayesian perspective: given these unknown

functions of interest, we assign them priors that capture uncertainty over functions. Bayesian ap-

proaches to MMM are the standard in industry (e.g., Jin et al., 2017). In the literature on Bayesian

nonparametrics, a flexible way of specifying priors for functions is through Gaussian processes

(GPs, Williams and Rasmussen, 2006).

Recent years have seen a number of uses of GPs in marketing, including in capturing time-

varying effects of the marketing mix (Dew et al., 2020; Dew and Fan, 2024). In brief, a GP is

a stochastic process h(.), indexed by inputs z ∈ RD. While the inputs can theoretically have

any dimension, in our two focal cases, D = 1, with z = xjt in Equation 15 or z = t in Equa-

tion 16. Thus, in the following, we will assume D = 1. A GP is defined by a mean function

m(z) and a covariance function k(z, z′), also called the kernel, such that for a fixed set of inputs

z = {z1, z2, . . . , zT},

h(z) ∼ N (m(z), k(z, z′)),

where m(z) is the mean function evaluated at all inputs, a T × 1 vector, and k(z, z′) is a T × T

matrix formed by evaluating the covariance function k(z, z′) pairwise at all of the inputs. Thus,

for any given inputs, a GP defines a multivariate normal distribution over the associated function

values, with relationships between them governed by the mean and covariance functions. The
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mean function encodes a prior expectation for h, while the covariance encodes how h deviates

from m, including crucial quantities like smoothness and amplitude. When used as a prior, as in

our model, the GP is typically denoted by h(z) ∼ GP(m(z), k(z, z′)).

We adopt GPs for three main reasons. First, GPs are a natural prior for unknown functions

(Williams and Rasmussen, 2006), as in the nonlinear model, and have also seen successful use

in capturing parametric evolution in time-varying models (Dew et al., 2020). Second, GPs are

flexible: while the mean function m(z) can be used to encode prior expectations about the shape

of the function of interest, the kernel allows for nonparametric deviations from that expectation.

Third, based on assumptions about the kernel, we can both generate and estimate functions with

different properties, which is crucial for demonstrating the conflation issue. In particular, the ker-

nel we adopt in this work is the simple squared exponential (SE) kernel, given by:

kSE(z, z′; η, ρ) = η2 exp
(
− (z − z′)2

2ρ2

)
. (17)

Intuitively, the SE kernel captures the idea that nearby inputs, in terms of (z − z′)2, should have

similar outputs, h(z), h(z′), with the level of similarity determined by ρ. ρ is a hyperparameter of

the kernel, referred to interchangeably as the lengthscale or smoothness. The other hyperparame-

ter, η, controls the variance when z = z′, and thus determines the overall variability or amplitude

of h(z). We demonstrate how these hyperparameters lead to different functions generated from

the GP in Figure 4.

Returning to our focal models, both can be simulated from, and estimated using GPs. Specif-

ically, for the nonlinear model, for each j, we assume,

f j(x) ∼ GP(0, kSE(x, x′; ηj, ρj)). (18)

For the time-varying model, for each j, we assume,

β j(t) ∼ GP(0, kSE(t, t′; ηj, ρj)). (19)

That is, in both cases, we assume the unknown function comes from a GP with zero mean, and

Marketing Science Institute Working Paper Series



20

4 2 0 2 4
Input (z)

2

0

2

4

G
P

 D
ra

w
 (h

(z
))

Effect of Lengthscale (Fixed Amplitude)

= 0.5
= 2.0
= 5.0

4 2 0 2 4
Input (z)

6

4

2

0

2

4

6

G
P

 D
ra

w
 (h

(z
))

Effect of Amplitude (Fixed Lengthscale)

= 0.5
= 2.0
= 5.0

Figure 4: Examples of GPs. At left, six draws from GPs, varying the lengthscale parameter ρ while keep-
ing the amplitude fixed at η = 2. At right, six draws from GPs, varying the amplitude η while keeping the
lengthscale fixed at ρ = 2.

a squared exponential kernel. The zero mean assumption is the most general, as it imposes no

prior knowledge. This could be further generalized to allow for, e.g., using the Hill function as

the mean function in the nonlinear case. Note also a slight abuse of notation: while we have used

the same notation for the hyperparameters across the two models, they need not be the same.6

Alternatives to GPs. Before proceeding, we briefly describe a few alternatives to GPs that

could be applied in this context. For modeling unknown functions, as in the nonlinear model,

splines are a natural alternative (e.g., Kim et al., 2007; Brezger and Steiner, 2008; Boughanmi

and Ansari, 2021). Notably, some variants of splines, like the P-splines of Brezger and Steiner

(2008), allow for the imposition of monotone effects, which can be useful for MMM. Another

potential alternative would be capturing nonlinear effects through a generalized additive model

(Hastie and Tibshirani, 1987). For capturing dynamics, including carryover and time-varying ef-

fects, time series and state-space models are a common tool (Pauwels et al., 2004), as discussed

previously. While more commonly used for specifying carryover effects, one could also model

the evolution of βt in such a way. Such an assumption is used, for instance, in Van Heerde et al.

(2004), who do so in a marketing mix setting, and Lachaab et al. (2006), who use a state-space

formulation for the evolution of coefficients in a choice model. While we favor GPs as a parsi-

6In fact, the priors used for these parameters will depend somewhat on the data and how it is normalized, as we
will discuss more in our applications and in Web Appendix B.
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monious solution that can capture both nonlinearities and time-varying effects, our central re-

search question — i.e., the conflation of these effects — is orthogonal to this modeling choice.

We demonstrate a few of these alternatives in the MMM context in Web Appendix C. Finally,

we note that there are also deep theoretical connections between GPs and specific types of state-

space models (Loper et al., 2021).

SIMULATIONS

With an empirical framework in hand for both simulating and estimating nonlinear and time-

varying MMMs, we now return to the question of when the two will be conflated. While our the-

ory offers some insights, it also relies on assumptions that may not strictly map onto the empiri-

cal framework described above. Thus, in this section, we explore the issue of conflation through

simulation. We first conduct a “mega-simulation” to understand when conflation is a problem.

Then, through smaller and more focused simulations, we explore the implications of conflation

for marketing practice.

Mega-Simulation

Recall that our theory suggests the following: first, a time-varying model can approximate

a nonlinear one when the nonlinearity is sufficiently smooth. Second, a (static) nonlinear model

can approximate a time-varying one only when the dynamic marketing effectiveness can be ex-

pressed as a function of spending. While this condition is, theoretically, strict, we noted it maps

onto several real-world conditions, including monotonic spending regimes, and cases where ef-

fectiveness and spending are jointly determined. Finally, in both cases, we noted that limited vari-

ation in or specific patterns of spending, as in autocorrelated spending decisions or adstocked

spending, may exacerbate the issue. While this theory gives us some sense that conflation may be

an issue, to understand when and to what degree it may actually materialize in practice, we ran an

extensive set of simulations.
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Simulation Design. We used three data generating processes: (1) the nonlinear model from

Equation 15; (2) the time-varying model from Equation 16; and (3) the nonlinear model but us-

ing specifically the Hill nonlinearity from Equation 2, rather than a GP. In each case, we assumed

a single spending channel, xt, which was also generated stochastically. Across the three simula-

tions, we varied six parameters each across three levels (low, medium, and high):

• Properties of the Functions:

(a) For the GP-based models, we varied the amplitude η and smoothness ρ parameters of

the GP’s kernel, effectively changing how much the effect can vary (through η) and

how smooth it is (through ρ). For η, we set the low value to 1, the medium value to 2,

and the high value to 5. For ρ, we set its value as a ratio of the range of the indepen-

dent variable (xt for the nonlinear model and t for the time-varying model). Namely,

we set this ratio to be 0.1 (low), 0.5 (medium), and 1 (high).

(b) For the Hill-based DGP, we varied the two Hill parameters: shape s and inflection

point k. We let the shape parameter take values 0.5, 2, and 3.5, while the inflection

point was, similar to ρ, set as a ratio of the range of xt, taking values 0.1, 0.33, and 1.

• Properties of Spending: We generated xt to follow a simple AR(1) autocorrelation pro-

cess: xt ∼ N (γ0 +γ1xt−1, τ2), and varied γ1 between 0 (no autocorrelation), 0.5 (medium

autocorrelation) and 1 (random walk). In addition, we varied the transition variance τ to

take values of 1, 5, and 10.

• Noise in the Response: We varied the noise in yt (i.e., the standard deviation of the error

term in the DGP) as a ratio of its deterministic component, setting the ratio to the values

0.01, 0.1, and 0.2.

• Level of Carryover: Finally, we varied the level of carryover in an AdStock formulation

for xt, from 0 (no carryover), to 0.3 (modest carryover) to 0.8 (high carryover).

For each of our 2,187 settings (i.e., 3 DGPs, each with 6 parameters with 3 settings each), we
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generated 100 different datasets, assuming 100 periods of observation. We then estimated both

the nonlinear and the time-varying GP models.

To test whether there is conflation, for each simulation, we held out a series of 10 observa-

tions, and then evaluated the model’s mean squared error (MSE) on predicting revenue in those

holdout periods. We labeled a simulation as conflated if the incorrect model, meaning not the true

DGP, performs equivalently to or better than the model with the true DGP by this metric. Note

that this measure of conflation is an extremely high bar: we are asking that the competing model

perform on par or better than the true DGP. Ultimately, our main metric of interest is the rate of

conflation for a specific simulation setting, or the percentage of simulations that were conflated.

To illustrate how these simulations work, we show three examples in Figure 5. The exam-

ples are (1) a nonlinear DGP with a moderately smooth f ; (2) a time-varying DGP with a moder-

ately smooth β(t); and (3) a time-varying DGP with a less smooth β(t).7 In the top row of plots,

we show the true data in blue, the predicted values from the nonlinear model in green, and the

predicted values from the time-varying model in orange. In the bottom row, we plot the estimated

β(t) from the time-varying model. First, focusing on the top row, we see the first two examples

are conflated: while we do not show the actual out-of-sample MSEs, we see that both the nonlin-

ear fit (i.e., the line) and the time-varying fit (i.e., the xs) are overlapping, and almost perfectly fit

the data. On the other hand, in the third case, while the time-varying model fits perfectly, the non-

linear model cannot approximate the data, which appears almost heteroscedastic due to the way

that β(t) is changing.8 Moving to the bottom row, we see that the implied β(t) in all three cases

is relatively smooth, and appears plausible, even when the true DGP is nonlinear. That is, there

are no material differences in the nature of the estimated β(t) between a true time-varying model

and a true nonlinear model.
7The exact specifications are: (1) η = 5, ρ = 0.5, γ1 = 1, τ = 5, σ = 0.1, α = 0; (2) η = 5, ρ = 0.5, γ1 =

1, τ = 5, σ = 0.1, α = 0; (3) η = 5, ρ = 0.1, γ1 = 0, τ = 5, σ = 0.01, α = 0.
8In fact, we observed that these heteroscedastic-looking patterns appear quite often when the DGP is time-

varying and non-smooth. This is due to βt taking drastically different values across time, resulting in yt being essen-
tially a mix of a few linear dependencies on xt.
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Figure 5: Examples of Simulated Datasets and Conflation. From left to right, simulated datasets where
(1) the truth is nonlinear, but is conflated with time-varying; (2) the truth is time-varying, but is conflated
with nonlinear; (3) the truth is time-varying, and is not conflated with nonlinear. At top are the true (simu-
lated) data and the predicted values from each model; at bottom are the implied β(t) from estimating the
time-varying model.

Results. Overall, we find widespread conflation. We summarize the results in Table 1, break-

ing the results down by the value of the carryover parameter α and focusing on the cases of no

carryover (α = 0) and high carryover (α = 0.8)9. In the case where there is no stock variable,

under all DGPs, the vast majority of the simulation settings exhibited some conflation, with a

sizable portion — from 27% to 46% — exhibiting major conflation, which we defined as over a

quarter of that setting’s simulations being conflated. Moreover, as predicted by our theory, these

numbers only worsen when xt is modeled with high carryover: in that case, roughly 90% of all

simulation settings exhibited non-zero conflation, and the rate of major conflation also increased

for all DGPs. These results suggest that, under a flexible data generating process, conflation will

frequently occur. They also confirm that the smoothness of xt over t, especially as induced by

stocking xt, exacerbates the issue.

To develop a more nuanced understanding of when conflation is likely to be problematic,

we further explored the results through regression analysis, this time focusing just on the nonlin-

9α = 0.3 results are very similar to α = 0, as illustrated in Table 2.
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No Stock High Stock

True DGP Any Major Any Major

Nonlinear 81% 27% 85% 30%
Time-varying 91% 40% 99% 44%
Hill 83% 46% 92% 47%

Table 1: Summary of Conflation. For each DGP, the column “Any” reports the percentage of simulation
settings that yielded a nonzero rate of conflation (i.e., any conflation). The column “Major” reports the
percentage that yielded more than 25% conflation.

Nonlinear DGP Time-varying DGP

Variable Level Coef P(> |t|) Coef P(> |t|)
Amplitude, f : Low (1) - - -

Middle (2) -0.24 0.65 0.23 0.62
High (5) -0.65 0.22 0.09 0.85

Smoothness, f : Low (0.1) - - -
Middle (0.5) 10.36 0.00 7.93 0.00
High (1) 18.86 0.00 12.21 0.00

AR coef, x: Low (0) - - -
Middle (0.5) -0.56 0.29 0.63 0.18
High (1) 0.42 0.43 13.38 0.00

AR Variance, x: Low (1) - - -
Middle (5) 0.11 0.84 0.06 0.90
High (10) -0.47 0.37 0.36 0.44

Noise, y Low (0.01) - - -
Middle (0.1) 14.10 0.00 13.05 0.00
High (0.2) 23.28 0.00 22.71 0.00

AdStock Low (0) - - -
Middle (0.3) -0.14 0.79 0.83 0.08
High (0.8) 1.59 0.00 2.49 0.00

Table 2: Simulation Results. DV = Percentage Conflation; Intercept omitted for clarity.
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ear and time-varying DGPs. Specifically, we took the rate of conflation for a specific simulation

setting as the dependent variable, and regressed it on the simulation’s settings, coded as dummy

variables. The results are displayed in Table 2. In this model, positive coefficients indicate a sim-

ulation was more likely to be conflated if it had that feature. We see that the results are fairly con-

sistent with our theory: for instance, high smoothness in f is associated with much higher rates

of conflation under both DGPs. In both cases, there is also a positive effect of the high AdStock

coefficient. Interestingly, for the time-varying DGP, the AR coefficient in xt is highly significant,

while it is not so for the nonlinear DGP. This asymmetry confirms our theory-based hypothesis

that the conditions under which conflation arises are different for different DGPs. Finally, we see

that conflation is dramatically more likely when the data are noisier. This last point is somewhat

obvious, but worth mentioning: when data are noisy, it becomes harder to tell which model is

right. As we will show in our application, modern MMM data are often very noisy, meaning that

again, conflation is highly likely in practice.

Implications for Budget Allocation

Until now, we have focused exclusively on documenting the potential existence of confla-

tion. We now turn to understanding its implications, again drawing on simulations. Recall that

our definition of conflation is that the two models predict holdout data identically, such that an

analyst could not choose the correct model by standard model selection metrics. Such holdout

analyses are the standard way of doing model selection in practice. By definition, the holdout

data used in such an analysis is generated under the status quo of spending as usual. Yet, just be-

cause two models give equivalent predictions under status quo spending patterns does not imply

that they will give the same predictions under intervention. The distinction between status quo

and intervention is important because optimizing an advertising budget is inherently interven-

tional. Thus, time-varying models and nonlinear models may yield different recommendations for

optimal budget allocation.

To better understand this point, we first outline how to optimize a marketing budget, given
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an MMM. For simplicity, we focus here on the case when there are no carryover effects, and re-

turn to the more general case in our later empirical application. The goal of optimal budget al-

location is to decide a level of spending on marketing channels, x1t, . . . , xJt, that maximizes ex-

pected profits. If there is no carryover effect of advertising, then optimizing spend is relatively

straightforward. To do so, we consider the expected profits in a test period t, as predicted by our

MMM, then maximize over xjt:

max
x1t,...,xJt

ŷt(x1t, . . . , xJt)− ∑
j

xjt, (20)

where ŷt(x1t, . . . , xJt) is the predicted revenue from the MMM under a given level of spending.

For the nonlinear model, this optimization can only be done numerically. For the time-varying

model, the optimization can be done either numerically or, in some cases, in closed form. Assum-

ing, for instance, a time-varying model with logged inputs and a single marketing channel, x, the

optimal level of spending is:

x∗ = [exp(α) · β(t)][1−β(t)]−1
, (21)

where α is the intercept of the log-log model. The result for a multichannel log-log model is anal-

ogous.

Now, we examine how model conflation relates to these budget allocation practices. Con-

sider the approximation mechanisms described in our theory: the time-varying model approx-

imates the nonlinear by effectively making a local linear approximation around xt. Learning

a smooth βt, meaning a predictable βt, requires reasonably smooth changes in xt. In the opti-

mal budget allocation procedures, we optimize expected revenue by intervening on xt+1, thus

breaking that smoothness: under these counterfactual spending levels, the predicted βt+1 may

no longer be a reasonable linear approximation to f (xt+1). In the other direction, intervening

on xt can break any relationship that exists between xt and βt, thus again breaking the ability of

the nonlinear to approximate the time-varying. From a predictive perspective, this means that the

value of βt+1xt+1 may be very different from the (incorrect) implied f (xt+1).
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Figure 6: Spend Optimization Example, Data. At left, the simulated evolution of spending, xt, follow-
ing an autoregressive process. At right, the simulated revenue, following a sigmoid (nonlinear) relation-
ship.
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Figure 7: Spend Optimization Example, Model Fits. At left, fit of both the nonlinear and time-varying
models on the simulated data. At right, the estimated evolution of β(t) recovered by the time-varying
model.

To illustrate this point empirically, we again turn to simulation. Consider the simulated

dataset shown in Figure 6. In this dataset, spending was generated following an autoregressive

process, with a high degree of autocorrelation, similar to the mega-simulation, as shown in the

left panel of the figure. The true DGP is nonlinear, following, in this case, a pre-defined sigmoid,

with a low level of noise, as shown in the right panel. Here, we assume that the model is esti-

mated on logged spending and revenue, with no carryover effects. With this data, we estimated

both the nonlinear and time-varying models. They are, as expected, conflated, with the fits of

both models shown in the left panel of Figure 7. We also show the implied elasticity over time,

in the right panel of Figure 7.

Now, given each model, we turn to the optimal budget allocation procedures described previ-
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ously: for the nonlinear model, we optimize revenue by simple enumeration, tracing out a grid of

possible expenditures within the range of the training data, then computing the expected profit at

each point. In the time-varying case, we use the predicted coefficient βT+1, and evaluate optimal

expenditure using the closed-form expression given in Equation 21.

The optimal spending across the two models is quite different: the optimal expenditure im-

plied by the nonlinear model is $12,072.60, while the optimal expenditure implied by the time-

varying model is $7,451.50, a difference that amounts to almost the entire range of the training

xt. These differences in recommended spending are driven by the different predictions made by

the model in terms of how revenue would be affected by changing spending in time T + 1: the

time-varying linear model is assuming a log-log relationship with elasticity β(T + 1). On the

other hand, the static nonlinear model assumes the revenue response is given by the curve shown

in Figure 7, which is not a log-log relationship. Under the interventional query of optimal spend-

ing, the nonlinear model suggests that it is worthwhile to invest enough money to get past the

inflection point of the sigmoid. On the other hand, the log-log time-varying model has no such in-

flection point, and thus suggests a much lower optimal spend, given the implied elasticity at that

point in time.

APPLICATIONS

Having identified both the potential for and implications of conflation in synthetic data, we

now turn to several applications using real MMM data. We focus on two types of datasets: first,

we revisit two classic datasets from the advertising response literature — the dietary weight con-

trol product data of Bass and Clarke (1972), and the Lydia Pinkham data of Palda (1965) — to

understand whether even in simple, storied datasets, the conflation issue arises. Second, we as-

semble a multitude of modern MMM datasets, using advertising data from Nielsen Ad Intel, to

show how the issue may manifest in modern MMM practice.
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Classic Advertising Datasets

In this section, we conduct two extensive analyses of classic advertising datasets: three years

of sales and advertising data for a dietary weight control product (DWC), as analyzed in Bass

and Clarke (1972); and the seasonally-adjusted Lydia Pinkham (LP) data, which cover 78 months

of sales of Lydia Pinkham’s herbal medication from January 1954 to June 1960, as analyzed in

Palda (1965), Winer (1979), and many other studies. Both datasets have the same form, with just

two variables — sales and advertising — defined on a monthly basis. The only difference is that,

for DWC, sales are in units, while in LP, sales are in dollars. We analyzed each dataset with the

same procedure: first, we applied a simple stock transformation to advertising, drawing on results

in the literature to set the carryover amount (λ) and lag time (L).10 Next, we fit four models: non-

linear (GP), time-varying (again, our GP-based version), nonlinear with the reach variant of the

Hill function, and the time-varying model with a log-transformed stock variable. Finally, we eval-

uated their performance out-of-sample, evaluating conflation as in the simulations, and assessed

the implications of each model for optimizing spending in the following period. We present the

combined results on conflation in Table 3, and discuss each case in more detail below.

Table 3: Classic Datasets — RMSE Comparisons. Each statistic is the posterior mean RMSE for each
model. Below in brackets are the 95% posterior intervals.

Nonlinear Time-varying Hill Log Time-varying

Dietary Weight Control 3.23 2.97 3.10 2.55
[2.22, 5.58] [1.72, 5.09] [2.59, 4.44] [1.50, 4.13]

Lydia Pinkham 89.37 83.21 100.50 88.92
[79.41, 104.88] [75.44, 95.24] [91.68, 114.97] [83.23, 98.00]

Dietary Weight Control (DWC). The DWC data are plotted in the left panel of Figure 8. We

analyzed this data assuming no advertising carryover, reflecting Bass and Clarke (1972)’s de-

scription of the data as “an excellent candidate for a study of the short-run effect of advertising on

10Fixing these values, rather than estimating them, is common practice (e.g., Shapiro et al., 2021). One reason is
that, as Jin et al. (2017) note, these parameters are often very poorly identified, and, under Bayesian implementa-
tions, strongly influenced by the prior.
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Figure 8: DWC, Data and Fit. At left, the raw DWC sales (in units) and advertising (in dollars) data. At
right, the in-sample fit of the nonlinear GP model and the time-varying GP model.

sales.”11 The fits of the time-varying and nonlinear (GP) models are shown in the right panel of

Figure 8, and the holdout performances of all four models are summarized in the first two rows

of Table 3. From both of these, we see that the models are conflated: from Figure 8, the fits of the

two basic GP models are clearly indistinguishable, and from Table 3, the posterior intervals of

RMSE for all models are overlapping, suggesting that based on standard analysis, it is not possi-

ble to tell the two models apart.

The more important question is, to what extent does this conflation affect decision-making?

For this, we focus just on our two focal GP models (nonlinear and time-varying), with logged

inputs, just as in the simulated example previously. To simplify the analysis, we assume for the

time-varying GP that the next period elasticity will be the same as the last observed period. One

feature of the DWC data is that we observe sales in units, but do not observe prices. This data

limitation is also an opportunity: instead of thinking of the optimization problem given a single

price point, we conduct the optimization exercise over a grid of hypothetical prices, and see how

the different models give different optimal spending recommendations at different revenue lev-

els. That is, for each hypothetical price, we can compute what would be the optimal advertising

level implied by each model. The results of this analysis are shown in Figure 9, where the hypo-

thetical price level is on the x-axis, and the optimal spending level is on the y-axis. We see that,

11This assumption also: (1) performs better in holdout MSE, relative to carryover specifications; and (2) limits
the number of initial time periods dropped for computing a stock variable, which is important for such a short time
series.
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Figure 9: DWC, Optimal Spend. Optimal one-ahead advertising spend levels recommended by the non-
linear and time-varying GP models, as a function of product price.

for the majority of the price range, the time-varying model recommends setting a higher level of

spending compared to the nonlinear, sometimes dramatically so.

Lydia Pinkham (LP). The Lydia Pinkham data are plotted in the left panel of Figure 10. Specif-

ically, we use the seasonally adjusted version of the data, provided in Palda (1965), which has

been frequently used throughout the literature to measure long-run ad effects (e.g., Bultez and

Naert, 1979). Given the importance of long-run effects, using a stock variable for advertising is

important. Thus, to analyze LP, we apply the stock transformation to advertising, as described

in Equation 4, using L = 13 and λ = 0.7. L = 13 suggests a 12-month carryover period,

which effectively degrades the effect to almost zero. λ = 0.7 is the value suggested in Bultez and

Naert (1979), who extensively examined carryover in the LP data. The resulting AdStock data

is shown, on the log scale, in the right panel of Figure 10, overlaid by the fits of two models: the

nonlinear and time-varying GP-based models.

First, we note that, as before, all models are conflated: the holdout RMSEs from the second

section of Table 3 are all nearly identical, suggesting a standard analysis could not distinguish the

models. Moreover, from Figure 10, we see the models fit nearly identically. The nonlinear model

exhibits an S-shaped response, as captured by the green line in Figure 10, while the time-varying

log-linear model implies a positive but decreasing elasticity over the duration of the data.
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Figure 10: LP, Data and Fit. At left, the raw Lydia Pinkham data (seasonally adjusted), from Palda
(1965). At right, the data after applying an AdStock transformation with L = 13 and λ = 0.7, as sug-
gested in Bultez and Naert (1979). The right panel is overlaid with the fits of the nonlinear (GP) and
time-varying models.

Crucially, as before, these models give different suggestions for optimal spending. To de-

termine optimal spending, we must generalize our optimization procedure from before to take

into account carryover effects, as current period expenditures will affect the future through the

stock variables. In the literature on optimal ad spending, the optimization problem with carryover

is often considered in the context of some long-run, steady state of advertising (e.g., Bultez and

Naert, 1979). In our context, deriving such a steady state is infeasible, given the nonparametric

nature of our response functions. Instead, we turn to current industry practice, described in Jin

et al. (2017), which mirrors the optimization described previous, but modified to account for car-

ryover. This procedure optimizes spending over a test window, [T1, T2], such that T2 < T − L.

To account for the carryover effect of advertising, profits are predicted both during the test win-

dow, and during the post period, during which time spending is held fixed at its observed values.

Mathematically, denoting xt = (x1t, . . . , xJt), this corresponds to:

max
xT1 ,...,xT2

∑
t≥T1

[
ŷt(xT1 , . . . , xT2 | xt ̸∈[T1,T2])− ∑

j
xjt

]
, (22)

where ŷt(xT1 , . . . , xT2 | xt ̸∈[T1,T2]) denotes the predicted revenue in period t under the counterfac-

tual levels of spending in the test periods, xT1 , . . . , xT2 , holding all other spend levels fixed. Since

the test window is restricted to be at least L periods before the end of the data, this ensures that
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any carryover effects will be fully realized by the end of the post period.

Returning to our results on the LP data, we again focus just on the nonlinear and time-varying

GP models. We consider a single period optimization window, corresponding to [T − L − 1, T − L]

(i.e., the last period for which we can observe the entire carryover effect). To optimize spending,

we consider the range of possible advertising values that correspond to stock values within the

range of those observed in the data. This restriction means that the optimization results will not

be based on extrapolation. Following this procedure, we find, for the nonlinear model, an optimal

ad spend of $90,127.63, and for the time-varying model, an optimal ad spend of $78,333.87.12

Modern MMM Data

To assess whether the conflation issue persists in modern multichannel data, we assembled

weekly level sales and advertising data using NielsenIQ Retail Scanner and Nielsen AdIntel data

for 2018–2019. We selected a set of four large, national brands, each coming from a different

product category: chocolate, pet food, coffee, and beer.

Three important factors in these modern datasets that were not relevant in the classic datasets

are: (1) multiple advertising channels; (2) trend and seasonality effects; and (3) promotions that

are unobserved in the data, except as large spikes in spending. Factor (1) is already handled within

our general framework. To control for (2), we modify our focal models to include a time-varying

intercept:

yt = α(t) + g1(x1t, t) + g2(x2t, t) + . . . + gJ(xJt, t) + εt, (23)

where again the gj are set either to be nonlinear and static, or time-varying and (log-)linear. To

model α(t), we again use a GP prior, but this time with a slightly more sophisticated “Trend-

Season” (TS) covariance function. This kernel is the sum of a squared exponential kernel, and

a periodic kernel, which captures regularly recurring patterns of a given cycle length c (Williams

and Rasmussen, 2006). As sums of kernels are, themselves, kernels, this is a valid kernel. Mathe-
12Note that $78,333.87 is the lowest value considered: as Lydia Pinkham’s true ad spending during the post-test

period was lower than all prior periods, $78,333.87 is the lowest value of test period ad spend that led to test and
post-test period AdStocks in the range of the prior data. It is likely that the true optimum under the time-varying
model is lower than this.
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Table 4: Nielsen Data — RMSE Comparison. Posterior mean RMSEs for each dataset from Nielsen
examples, together with 95% credible intervals in brackets.

Chocolate Pet Food Coffee Beer

Nonlinear (GP) 368,766 48,438 722,076 443,817
[207,634, 601,163] [27,920, 83,249] [509,527, 919,820] [236,730, 911,732]

Time-varying (GP) 387,623 41,825 733,269 423,085
[207,350, 671,246] [24,631, 65,232] [490,785, 994,303] [207,914, 802,740]

matically, this corresponds to:

α(t) ∼ GP
(
0, kTS(t, t′;θ)

)
(24)

kTS(t, t′;θ) = η2
T exp

(
− (t − t′)2

2ρ2
T

)
+ η2

S exp

(
−2

sin2(π|t − t′|/c)
ρ2

S

)
. (25)

This specification allows for us to parsimoniously capture both trend effects, of a smoothness

determined by ρT, and seasonality effects of cycle c. In addition, we include dummies for major

US holidays. To capture (3), we construct a “promotions” dummy variable that captures sparse,

sporadic spending on certain channels (i.e., channels wherein spending happens only rarely, in

single bursts), and unusual spikes of spending in the main advertising channels.

With these modifications, our analysis proceeds as before: for each dataset, we fit competing

models, leaving some data heldout. For this analysis, we focus just on the nonlinear and time-

varying GP models. Prior to estimating the models, we apply the AdStock transformation, setting

the decay parameter α = 0.3 (consistent with industry practice, e.g., Meta, 2024) and the number

of lags L = 13 as suggested in Jin et al. (2017). Finally, we log the adstocked data. We then pre-

dict the heldout data, and compute the posterior RMSE, checking for model conflation. Finally,

we explore the managerial implications of the conflation, if it exists. Rather than presenting the

results from each analyzed dataset, we instead present the combined RMSE conflation results in

Table 4, and then focus on a single case study below: a brand in the coffee category.

Results. First and foremost, we can see that, again, there is conflation in all cases: from Ta-

ble 4, we see that the posterior intervals are all coinciding, for all datasets, suggesting again that

standard model selection practices would not be able to select the correct model. Focusing on the
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Figure 11: Coffee brand, fit. In-sample fit of nonlinear GP and time-varying GP models (all include trend
and seasonality, promotions, and holidays).
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Figure 12: Coffee brand, GP components. At left, GP channel components from the nonlinear GP
model, over standardized spending. Response curves are normalized to start at zero. At right, GP coeffi-
cients by channel from the time-varying GP model, over time.

case of our coffee brand in Figures 11 and 12, we see that, as before, both models fit extremely

well, while having very different estimates of each channels’ effectiveness at different points in

time. We also note that, in this case (and indeed, in all of the modern cases considered), a huge

amount of the variation in revenue is captured by the trend and seasonality component of the

model, not by marketing spend.

Case Study: Spend Optimization. Finally, we again consider what these different models imply

about budget allocation. To do so, we utilize the estimates from the nonlinear and time-varying

GP models (Figure 12), and follow the same approach to spend optimization described previ-

ously. Specifically, we focus on redistributing the actual advertising budget in the last week of
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Digital Network TV Spot TV Conflation Cost

Nonlinear GP 15% 50% 35% $227,000
Time-varying GP 15% 85% 0% $61,000

Table 5: Coffee: Optimal Allocation. Optimal allocation of the total budget in the last week of Septem-
ber 2019 across three main channels. The last column presents the cost of conflation: the predicted differ-
ence in revenue between the nonlinear GP and the time-varying GP optimal allocations, given that one of
them is the true DGP.

September 2019 to allow for carryover effects. We construct candidate spending allocations by

varying the three main channels as a percentage of the total actual spend in increments of 5%

(e.g., 20% Digital, 55% Network TV, 25% Spot TV). We then remove the candidate allocations

that assign to at least one of the channels a level of spending that falls outside of the historical

range.13 For the remaining allocations, we compute the implied AdStocks, treating the actual

spending in the periods before and after the target period as given. We predict the sales in the tar-

get period and the following 13 weeks (our chosen number of lags for the AdStock) to account

for carryover effects using the nonlinear GP and time-varying GP models, and choose the alloca-

tion that yields the highest total revenue over the 14 periods (the total spending is by construction

identical for all candidate allocations). The results are presented in Table 5.

We can see that the two models agree on the optimal share of the Digital channel (15%).

Note that 15% of spending on digital was the maximum observed in the data, which was a con-

straint we imposed. However, they drastically disagree on the composition of Network and Spot

TV: while the nonlinear GP model advises to allocate 35% of the budget to Spot TV, the time-

varying GP model suggests not to spend on Spot TV at all. These allocations stem directly from

the estimates in Figure 12: we see that, for nonlinear, there is an estimated peak in the effect of

Network TV, after which the model estimates a decreasing effect.14 Thus, the nonlinear model

suggests spending some, but not too much, on Network TV. On the other hand, for the time-

13This ensures that our optimal solution is not relying purely on extrapolation of the response function.
14While such an effect may be a priori surprising, negative and non-increasing effects are, in fact, commonly

observed in marketing effectiveness estimates based off this same data. Shapiro et al. (2021), for instance, find a
number of negative effects in their study of advertising. Moreover, a non-monotone effect like ours may result in a
negative overall effect when the model does not allow for a flexible functional relationship, as our model does.
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varying model, the only effect is that, for almost all time periods, Network TV’s elasticity is

higher than Spot TV’s, leading to the observed allocation. The last column of Table 5 quanti-

fies the cost of conflation: if the nonlinear GP is the true model, then choosing the optimal allo-

cation assigned by the time-varying GP model in the last week of September 2019 will lead to

a $227,000 loss over the next 14 weeks, relative to using the nonlinear model. Vice versa, if the

time-varying GP is the true model, then choosing the optimal allocation assigned by the nonlinear

GP model will result in a $61,000 loss. In other words, model misspecification can have sizable

economic consequences even under fairly strong restrictions: we varied only channel allocation,

not the size of the spending, and in only one period.

SEPARATION TESTS

We have shown that nonlinear and time-varying effects in marketing mix models are often

conflated, potentially resulting in diverging recommendations on how much a company should

spend on advertising. This naturally raises the issue of whether anything can be done to separate

the two effects and identify the more appropriate model for optimizing spending. In this section,

we introduce a way to test which of the two types of effects better reflects the true underlying re-

sponse function. We do so by developing what we term separation tests, which are spending poli-

cies designed to break the conflation mechanisms discussed previously, and allow simple holdout

metrics to determine which of the models is correct. Specifically, we introduce two tests: we start

with a decision-theoretic approach that designs a test wherein spending levels are set to maximize

the expected difference in the predictions between the nonlinear and time-varying models. While

this approach is most powerful, in terms of having a high probability of truly separating the ef-

fects, it is also hard to implement. Thus, we also provide an easy-to-implement “seesaw” test that

can, under some conditions, achieve separation without such complexities.
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Best One-shot Test: Maximal Separation

The intuition behind our first proposed intervention on spending is straightforward: we se-

lect the level of spending in a single period that maximizes our expected ability to tell the two

models apart. To do this, we consider a range of possible spending values, predict the sales in the

next period using the contender models, as if we were planning to set the advertising spend, and

then set spending in the next period to the level with the highest difference between the two pre-

dictions. Then, following the test, we assess which prediction was actually closest to the truth.

More formally, assume there exist historical data, DT = {xt, yt}T
t=1, on which both mod-

els have been estimated (i.e., the nonlinear model from Equation 15 and the time-varying model

from Equation 16). For ease of exposition, throughout this section, we assume there is only a sin-

gle spending channel, though the ideas generalize to multiple channels. To separate the two mod-

els, we first consider a set of possible spending levels, {xp
1 , . . . , xp

N}. Then, for each of the period

of the test (t ≥ T), we set xt+1 to the candidate level that maximizes the difference between the

predictions from the two models, among all candidate spending levels:

xt+1 = arg max
x∈{xp

1 ,...,xp
N}

∣∣∣ŷNL
t+1(x|Dt)− ŷTV

t+1(x|Dt)
∣∣∣ . (26)

Here, ŷNL
t+1(x|Dt) = E f ( f (x)|Dt) is the expected posterior predicted revenue from spending

x under the nonlinear model, and ŷTV
t+1(x|Dt) = Eβt+1(βt+1 · x|Dt) is the expected posterior

predicted revenue for period t + 1 from spending x under the time-varying model. We term the

maximum from Equation 26 the maximal separation between the two models, and thus this test,

the maximal separation test.

To illustrate, we apply the test to two simulated examples: (1) a time-varying DGP, using

the same dynamic effects as in our illustrative example from the introduction, and (2) a nonlin-

ear DGP, where the nonlinearity is a simple log function. In both cases, we generate 48 periods

of data (simulating four years of monthly data), then fit both models to both datasets. Then, start-

ing in period 49, for each DGP, we use the maximal separation test to set spending, as in Equa-
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Figure 13: In-sample RMSE as a function of maximal separation periods. At left, the true DGP is
nonlinear. At right, the true DGP is time-varying.

tion 26. Figure 13 shows how the in-sample RMSE changes for each DGP as a function of the

number of periods of the test. At test period 0, meaning before the test begins, we see that, in

both cases, the models are conflated (i.e., the posterior RMSE distributions are overlapping).

However, after two periods of maximal separation testing, the posterior intervals of the two mod-

els’ RMSEs no longer overlap, with the true model always having the lower RMSE. Note that

this separation happens (marginally) faster when the true DGP is time-varying, which is consis-

tent with our theory, as the conditions for the nonlinear model to approximate the time-varying

are stronger. Crucially, we note that, in both cases, separation happens quickly, suggesting that a

firm need only conduct this test for 1-2 periods to enable some degree of separation.

To better understand how the test works, in Figure 14, we plot, for each period during the

test: (1) the maximal level of separation between the two models; (2) the spending level xt that

achieves maximal separation; (3) the two models’ predictions for that value of xt. The dynam-

ics in how the test unfolds shed light on what is happening: over time, the maximally separating

value of xt changes, as the incorrect specification adjusts to this new pattern of spending, and

learns to fit the response better. The maximal separation test responds by finding a new value to

test the models. This adversarial nature of the algorithm allows it to quickly and efficiently iden-

tify the correct specification.

In the top panel in Figure 14, where the true DGP is nonlinear, we see the maximally sepa-

rating pattern of spending involves alternating between high and low values. This pattern makes
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sense: the regularization built in to the time-varying model implies that, within a short time pe-

riod, the response to spending should follow (roughly) a linear model. The truth, on the other

hand, is nonlinear. Thus, under a short time frame, the approximately linear model implied by

the time-varying model cannot capture the oscillating response to the two extreme spending lev-

els. This is consistent with our theory: smooth dynamics can flexibly capture a nonlinear static

DGP when the curvature of the nonlinear function and the local variability of spending are both

low (Equation 10). The seesaw spending pattern causes high local variability in spending, in turn

causing the local linear approximation on which the time-varying model relies to become less

accurate, separating the two models.

Interestingly, the same process evolves differently when the underlying data-generating pro-

cess is time-varying but linear (bottom panel in Figure 14). The maximally separating level of

spending stays stable for some time in order to exploit underlying response dynamics that the

time-varying model can easily accommodate, while the nonlinear cannot. Intuitively, under the

time-varying model, the same level of spending can lead to different responses, as the elastic-

ity evolves. The same is not possible under a nonlinear model. Thus, by merely keeping spend-

ing constant for some time at the initial maximally separating value, the test quickly breaks the

conflation between the two models. This is also consistent with our theory: the conditions under

which the nonlinear model approximates the time-varying are more strict, and thus, separation is

easier to achieve.

Separation Heuristic: Seesaw Test

The policy defined in Equation 26 may not always be easy to implement, since it requires

evaluating both models’ predictions at multiple hypothetical spending levels. Thus, we also pro-

pose a simpler spending strategy that approximates our decision-theoretic approach, and is rooted

in breaking the conditions for conflation outlined in our theory. The analysis of the dynamics in

the maximal separation test highlight that separation is more difficult when the true model is non-

linear. Thus, for designing an easy, generic separation test, we focus on this harder case.
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Figure 14: Evolution of maximal separation procedure. In the top row, the true DGP is nonlinear, while
in the bottom row, the true DGP is time-varying. The left panel shows the maximal separation between the
models at each step of applying the maximal separation test. The middle panel shows the optimal spending
level at each step. The right panel shows the predictions made by each model evaluated at the optimal
spending level xt+1.

Specifically, inspired by the dynamics in Figure 14, we propose a test that involves alter-

nating spending between high and low spending levels, which we term a seesaw test. Mathe-

matically, the seesaw test involves alternating spending between xH = max{xp
1 , . . . , xp

N} and

xL = min{xp
1 , . . . , xp

N}, one period at a time: xT+1 = xH, xT+2 = xL, xT+3 = xH, xT+4 = xL,

and so on. Such a test can be thought of as a type of incrementality test, similar to what is re-

ferred to in practice as a “bump up” test.15 These tests are often used to assess the marginal effec-

tiveness of a particular channel. Such a strategy combines features that break the approximation

mechanisms for both the nonlinear and time-varying models: first, by alternating spending be-

tween high and low levels, xt is returning to similar levels over and over. If the true relationship

is static and nonlinear, sales should also go back to the same level repeatedly (after accounting

for seasonality). On the other hand, if the seesaw test is done within a short period of time, then

under a time-varying model, the elasticity implied by such a test should remain roughly constant,

15Such a test also resembles a common advertising strategy — pulsing — which has been shown to be both com-
mon and, in some cases, optimal, in a number of past marketing studies (e.g., Feinberg, 1992).
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Figure 15: In sample RMSE as a function of seesaw periods. At left, the true DGP is nonlinear. At
right, the true DGP is time-varying.

allowing us to observe the suitability of the time-varying model.

To evaluate the usefulness of the seesaw test, we again turn to the two examples described

previously: the time-varying DGP from the introduction, and a simple nonlinear DGP with a log

nonlinearity. We applied the seesaw test in a synthetic spending simulation using these DGPs,

just as we did with the maximal separation test, fitting both models to both DGPs using 48 peri-

ods of data, then implementing the test going forward. We plot the resulting two RMSE patterns

during the testing period in Figure 15. As the figure shows, the RMSEs of the two models diverge

after a few intervention periods, highlighting the ability of the seesaw test to approximate the

maximal separation test, and identify the correct model. While these results suggest the viability

of the seesaw test, it is worth noting, that the seesaw test may not always be as effective as the

maximal separation test, particularly in contexts with strong carryover effects and long lags. In

these cases, even if spending follows a seesaw pattern, the smoothing induced by stocking vari-

ables may limit how much variability can be induced in a short period of time. In these cases, a

direct implementation of the maximal separation test may be preferable.

CONCLUSION

In this paper, we documented an important issue of model identification in modern market-

ing mix models. As practitioners attempt to capture increasingly complex effects in MMMs, like
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nonlinearities and dynamics, our results suggest caution is warranted: the simple data used for

building such models often cannot uniquely identify such complexity. We demonstrated these is-

sues through theory, simulation, and applications to marketing mix datasets, both classic and con-

temporary. In doing so, we also introduced a family of Bayesian nonparametric marketing mix

models that can flexibly model nonlinear and time-varying effects, whenever such complexity is

warranted. Finally, we proposed a series of tests that are straightforward to implement by firms,

that can separate out time-varying and nonlinear effects. By implementing such tests in standard

MMM practice, our results suggest the risk of conflating effects and making suboptimal decisions

diminishes.

While our work provides what we believe is an important framework for thinking about non-

linearities and time-varying effects, there are also many ways in which our framework could be

extended and improved. For instance, including informative mean functions in the GPs (e.g.,

Hill), encoding monotonicity contraints in the ad response functions, and more thorough use of

prior information could all help induce further regularization on the learned functions, and better

pin down marketing mix effects. While the minimal assumptions used herein is, we believe, most

appropriate for studying the issue of conflation, in practice, our proposed framework might be

usefully extended.

In focusing on the conflation between nonlinear and time-varying effects, our work presently

leaves several areas unexplored. First, in real data, there are likely both types of effects at work.

In such cases, our work is still relevant, and can be seen as a careful examination of how each

type of effect (or the dominant type of effect) might be identified. The GP-based framework we

introduced could hypothetically handle such an extension, though standard MMM data may be

insufficient for estimating such a complex model. Second, we have not yet explored the issue of

how endogeneity intersects with all of these issues. The issues examined here exist even with

purely exogenous spending data, and would likely be compounded further with endogeneity is-

sues and corrections. Finally, in industry, there are many common practices that relate to our

work, which we leave unexplored. For instance, rather than estimating truly time-varying mod-
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els, common practice is to estimate MMM models on rolling windows, giving them periodic “re-

freshes.” Such efforts are effectively estimating time-varying effects, and we believe, still result

in conflation. In fact, we posit that changing effectiveness observed under refreshes may be an

artifact of exploring different areas of a nonlinear response at different points in time. We leave

further exploration of this issue to our ongoing research.

Our work has several implications for managerial practice. Most importantly, we show that

managers should not blindly trust existing MMM solutions, and must take care in interpreting

their results, as the aggregated data used for MMM estimation often cannot support identification

of complex effects. We also encourage managers to incorporate experimentation in their budget

setting practices. Both Meta’s (Meta, 2024) and Google’s (Google, 2024) most advanced market-

ing mix models directly recommend incorporating incrementality tests in advertising spending, to

mitigate endogeneity issues and calibrate MMM parameters. We provide another reason for why

experiments are important: a carefully designed experiment can also help disentangle nonlinear

and time-varying effects and choose the right model specification.
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